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VLSI Architectures (Asynchronous Logic) 048878 Winter 2011-2012 

Homework 1: Ex. 4.8 – Sample of answers 

Student 1 
First we analyze the throughput of the fork-join pipeline depicted in Figure 1:  

 

Figure 1: Fork-join pipeline 

In order to obtain the throughout vs. token graph, we analyze the upper branch and the lower branch 

separately and then combine. 

The upper branch can consume new tokens every FL+BL=10 time units, the dynamic slack of the upper 

branch is: 
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The lower branch can consume new tokens every FL+BL=10 time units, the dynamic slack of the lower 

branch is: 
5
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The token-throughput graph of the given pipeline is depicted in Figure 2: 

 

Figure 2: Token-Througput graph of the given fork-join pipeline 

The minimum among the curves bounds the throughput of the fork-join pipeline. 

Now in order to increase the throughput of the pipeline special buffers with FL=2 and BL=4 are added to 

the lower branch of the pipeline. 

The buffers can be inserted as shown in Figure 3: 
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Figure 3: fork-join pipeline with additional buffers inserted to the lower branch 

Applying the same analysis as before we get: 

The upper branch can accept new tokens every FL+BL=10 time units, the dynamic slack of the upper 

branch is: 
8
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The lower branch can accept new tokens every FL+BL=10 time units, the dynamic slack of the lower 

branch is: 
 
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The token-throughput graph of the given pipeline is depicted in Figure 4: 

 

Figure 4: Token-Throughput graph of the enhanced fork-join pipeline 

This time the curves for the upper and lower branch of the pipeline are identical. The optimal 

throughput of 1/10 is achieved.  

In order to achieve the optimal throughput (bounded by the throughput of the upper branch) so-called 

slack-matching is applied, 3 buffers are added to the shorter (lower) pipeline branch. 

In order to achieve a throughput of 1/12 no extra buffers are required, since this is the throuput of the 

original construct. 
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Student 2 
1.  

 TOP DOWN 

Cycle time 10 10 

Throughput 1

10
 

1

10
 

Dynamic slack 7 2 7 2
1

10 5 5


   

4 2 4 4

10 5 5


   

 

2. In order to achieve the optimal throughput of 
1

10
 by adding buffers to the bottom path, we 

need the dynamic slack of the top and the bottom to intersect.  

Adding buffers with different performance characteristics creates a range number of tokens 

that can achieve the optimal throughput of
1

10
.  Meaning, we want the dynamic slack of the 

top path to be in the range of the dynamic slack of the bottom path. 
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add 1 3N   to get the optimal throughput. 
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3. To calculate how many buffers we need to add to get a performance of 
1

12
 we need the 

paths' performance graphs to intersect at that point. 

To calculate the number of tokens that make this possible, we can use the slops. Notice that 

we can have two options, the first is that the top path has the dynamic slope earlier than the 

bottom (the top path is bubble limited and the bottom path is data limited), and the second 

is that the top path has the dynamic slope later(the top path is data limited and the bottom 

path is bubble limited). 

First we'll calculate the number of tokens for which the top path get a performance of 
1

12
 

1 1 7
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Now we'll check how many buffers we need to add for to the bottom path to get a 

performance of 
1

12
  for the same number of tokens as we calculated  for the top path: 

1 7 1 7 1
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N is the number of buffers that we must add. We can't add a 
7

8
 of a buffer, therefore this 

option is not valid. The only valid solution is adding 10 buffers. 
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Student 3 
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Student 4 
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Student 5 
 8.4סעיף 

Fork-Buffers-Join, FL=2, BL=8. 

Upper Fork (UF) =7 buffers  Max T.P.=1/(2+8)=0.1 , Token No.max TP=8/(1+8/2)=1.6. 

Lower Fork (LF) =4 buffers  Max T.P.= 1/(2+8)=0.1 , Token No.max TP=5/(1+8/2)=1. 

UF: first slope=1/(N*FL)=1/16, second slope=-1/(N*BL)=-1/64 

LF: first slope=1/(N*FL)=1/10, second slope=-1/(N*BL)=-1/40 

 

Total Max: y1=x/16 = y2=0.1-(x-1)*1/40  x/16+x/40=0.1+1/40=0.125  x=1.43 

Y1(1.43)=y2(1.43)=0.089. 

 

 

 

To achieve throughput of 0.1, suggested to add fast buffers with FL=2, BL=4. 

If one such buffer is added to the lower fork then: 
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dmin= (5*2+2)/(2+8)=1.2 

dmax=5 – (5*8+4)/(2+8)=5-4.4=1.6 

And so, when the average no. of tokens is 1.4 , the throughput is indeed 1/10. 

To receive a throughput of 1/12 you need to “corrupt” the circuit, since you already have better 

thoughput. 

If we add enough buffers to the lower fork it will become longer than the upper fork, and it’s slope will 

be slower. Then: 

Y2=x/ΣFL = y1=0.1-(x-1.6)*1/64 = 1/12 

X=(0.1-1/12)*64+1.6=2.67 

ΣFL=n`*2+5*2=x*12=32 

n`=(32-10)/2= 11 additional buffers. 

 

 

 

QED 
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Student 6 
FL=2 , BL =8 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In order to ensure that we will get throughput of 1/10 we need the dynamic slack of the 

shorter pipe to be max 1.4 tokens so we will therefore by adding one more buffer with FL=2 

we will get dmin = (4*2+1*2)/(8+2) = 1. 

 To achieve optimal throughput of 1/10 we need 1 more buffer (with FL=2 and BL=4). 
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Because we need optimal throughput of 1/12 (and we already know that the dynamic slack 

of the entire pipe is 1/10). 

We need to design the lower pipe so its dmin will be higher than 1.4, and its positive slope 

will cross the top pipes negative slope at 1/12. 

 To achieve optimal throughput of 1/12 we need 11 more buffers (with FL=2 and BL=4). 
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Student 7 
 4.8תרגיל 

 
 

 נתון: join-וה fork-ים, ה-buffer-עבור ה

FL=2 

BL=8 

 

 עבור כל אלמנט במערכת:

Max Through put = 1/(FL+BL) = 1/10 

 עבור הענף העליון:

Dynamic slack = N/(1+BL/FL)=8/5 

 עבור הענף התחתון:

Dynamic slack = N/(1+BL/FL)=1 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 .0.089המקסימלי הוא  through put-מחישוב השיפועים מתקבל שה

 

  

8 8/5 5 1 

/1/1 
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מקסימלי במערכת  through-put( לענף התחתון כך שנקבל FL=2 BL=4ים )בעלי -bufferעכשיו מתבקשים להוסיף 

נף התחתון )מוגבל המקסימלי של הע through put-לא הומוגני. ה pipe(. נשים לב שאנחנו מקבלים 1/10)כלומר 

 ע"י החוצצים המקוריים(:

  
1

max

1
max

10
i i

i
through put FL BL



    

 של הענף העליון(. dynamic slack-)ה n=8/5יתחיל לפני ויגמר לפני  dynamic slack-ונשאר לדרוש שה

לא הומוגני מסומן ע"י  pipeשל  dynamic slackשל  n-בספר טווח ה min max,d d בספר ולפי . מהנוסחאות

 הדרישות:

 
min

2 8
8

max 10 5

i

i

i i
i

FL
N

d N
FL BL


    




 

 
max

6 16 8 16

max 10 5 3

i

i

i i
i

BL
N

d N N
FL BL

 
     




 

6עבור  8N (N  נקבל )חייב להיות מספר שלםthrough put .מקסימלי 

 

 1/1/של  throughputולכן בשביל להשיג  throughputלא ניתן להוריד דרגות מהענף התחתון בשביל להוריד 

 להוסיף דרגות. אפשר רק

Throughput=1/12  מתקבל בנקודהn=8/3  מחישוב השיפוע של הענף העליון(. השיפוע העולה של החלק(

התחתון צריכים לחתוך את הנקודה הזו 
8 1

,
3 12

 
 
 

 המבוקש. throughput-על מנת להגיע ל 

 
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Student 8 
4.8 Consider a fork-join pipeline with seven buffers in the top branch and four buffers in the bottom 

branch. Let each fork and join and buffer have 2FL   and 8BL  . Draw the throughput versus token 

number graph for this fork-join pipeline. Consider adding special pipeline buffers with 2FL   and

4BL  to the short fork. How many are needed to achieve the optimal throughput1/10 ? How many are 

needed to achieve a throughput of1/12 ? 

 

We can see from the figure above that the fork-join pipeline is just like that. For the fork and join also 

take time transmit the token forward and translate the bubble backward, we can easily get the length of 

the top pipeline is 8 and the length of the bottom pipeline is 5. 

So we can get the throughput versus token number graph for this pipeline fork-join as follows: 

 

We can see the intersect point is 
10 5

( , )
7 56

 and the maximum throughput is
5

56
. 
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The throughput versus token number graph for this fork-join pipeline is the common triangle part of the 

picture. 

The code to achieve this is in the following: 

clear all; 

title('asnchromous circuit'); 

xlabel('tokens'); 

ylabel('throughput'); 

N1=8; 

N2=5; 

FL1=0.2; 

BL1=0.8; 

% axis equal; 

x0=0:FL1:N1*FL1; 

% y0=1.2; 

axis([0,10,0,1/9]); 

k1=1/(10*FL1*N1); 

y0=k1.*x0; 

plot(x0,y0); 

hold on; 

grid; 

x1=FL1*N1:FL1:N1; 

k2=-1/(10*BL1*N1); 

y1=k2.*(x1-N1); 

plot(x1,y1); 

title('asynchronous circuit'); 

xlabel('tokens'); 

ylabel('throughput'); 

hold on; 

s0=0:FL1:N2*FL1; 

p1=1/(10*FL1*N2); 

t0=p1.*s0; 

plot(s0,t0); 

s1=FL1*N2:FL1:N2; 

p2=-1/(10*N2*BL1); 

t1=p2.*(s1-N2); 

plot(s1,t1); 

 

We can know that adding buffer to the bottom line cannot improve throughput, however, we can do 

something to let the maximum throughput of the top and bottom be achieved at the same input tokens. 

This is the picture we draw in doing so: 

 



16 
 

 
This is using just one buffer in the bottom line. 

 
This is using two additional buffers in the bottom line. 
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This is using 3 buffers in the bottom line. 

While adding more buffers cannot get the maximum throughput any more. 

 

To the last questions, we need to achieve the throughput of 1/12. From the picture above, we know that 

when N=1,2,3 it is not the case. And we can easily get that when tokens is 3, we can get throughput be 

1/12 in the top pipeline. Using MATLAB to sweep N we can get at N=11, we can get the following result: 

 

The intersect point is
8 1

( , )
3 12

. 

So we can get the following statement: 

The throughput versus token number graph is: 
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And to achieve the optimal throughput, we can add 1 or 2 or 3 buffers in the bottom pipeline. 

To achieve a throughput of 1/12, we should add 11 buffers in the bottom pipeline. 
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Student 9 
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Student 10 
Upper branch: 

FL=2, BL=8, N=8. The FL slope equals to
1 1

16NFL
 . The BL slope equals to

1 1

64NBL
  . 

The maximum throughput equals to 
1 1

10BL FL



 and achieved for 

16

10
 tokens.  

Lower branch: 

FL=2, BL=8, N=5. The FL slope equals to
1 1

10NFL
 . The BL slope equals to 

1 1

40NBL
  . 

The maximum throughput equals to 
1 1

10BL FL



 and achieved for 1 token. 

1/10

1 1.6 5 8

Upper Branch

Lower Branch

 

In order to calculate the maximum throughput for the entire system, we first calculate the crosspoint of 

the two graphs: 

1 10

40 8 16 7

x x
x


     

The throughput for the optimal point is: 

 
10 1 5

max 0.893
7 16 56

throughput      
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We now add n buffers to the lower branch (which already have 5 buffers). The new buffers have FL of 2 

and BL of 4. The dynamic slack is given by (dmin,dmax) : 

 
   

 
 

 

min

max

5 2 5
1

max 10 5 5

8 5 4 3
5 5 1

max 10 5

i

i

i i i

i

i

i i i

FL
n n n

d
FL BL

BL
n n

d n n
FL BL

 
    



 
       






 

For maximum throughput we wish that 1.6 will be inside the dynamic slack.  

3 3
1 1 1

5 5 5

3 3 1 3

n n

n n n

   

    

 

1/10

1.2 1.6 5 8

Upper Branch

Lower Branch n=1

6 7

Lower Branch n=2

Lower Branch n=3

 

In order to achieve the maximum throughput, we can add 1,2 or 3 buffers. 

 

In order to receive a throughput of 1/12 we have to add more buffers to the lower branch, pushing the 

dynamic slack region farther right. We want that the FL line (the uprising one) of the lower branch, will 

cross the BL line of the upper one at a point in which the throughput equals to 1/12. 

Firs we calculate the number of tokens in which the upper branch’s throughput equals 1/12: 

1 1 8

12 8 64 3

x
x tokens     
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The FL slope for the lower branch equals to 
 

1 1

2 5i

i

FL n



 

   

8
1 3 11

12 2 5 2 5

x
n

n n
   

 
 

Therefore, we have to add 11 buffers to the lower branch in order to receive a throughput of 1/12. 
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Student 11 
Chapter-4, Exercises 4.8: 
1. Consider a fork-join pipeline with seven buffers in the top branch and four buffers in the bottom 

branch. Let each fork or join and buffer have FL = 2 and BL = 8.  
1.1. Draw the throughput versus token number graph for this fork–join pipeline.  

 
2. Consider adding special pipeline buffers with FL = 2 and BL= 4 to the short fork.  

2.1. How many are needed to achieve the optimal throughput, 1/10?  
2.2. How many are needed to achieve a throughput of 1/12? 

 
Answers: 
 

S1 S2 S3 S5S4

S11

S6

S7 S8 S9 S10

S0
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Find the max throughput of the Fork-Joint system. 
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/ 
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


















FLBL

Throughput

FL

BL

N
ckDynamicSla

FL

BL

N
ckDynamicSla

BLFL

laneLonglaneShort

Short

Long



26 
 

 
 

TokensTTokensT LongLong 
14

1

5
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1   

8

1

16
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
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


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1
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1
MAXThroghput  

1/15

2 3 4 5 6 7 #Tokens

Throughput
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To achieve an optimal system throughput of 1/10, by adding additional buffers with different FL and BL. 
to the short branch. This will result in non-homogenous short-pipeline. where : 
 




i

i

Short
FL

Slope
1

  

The short branch throughput is the still the same, sine the worst cycle-time is set by the old FL=2, BL=8 

buffers. So 
  10

1

max

1
, 




iii

ShortMAX
BLFL

Throghput   

 

BuffersNEW

i

i

Short
FL

Slope



 28

11
 

Since the DynamicSlack of the Short-pipeline is fixed to 1/10, The Long and Short slops needs to coincide 
in the max point of 1/10 in the 
  

1/10

1 2 3 4 5 6 7 #Tokens

Throughput

Long 

Branch

Short 

Branch

7/5

BuffersNEW

i

i

Short
FL

Slope



 28

11

10

1
, ShortMAXThroghput

 

So: TokensSlopeT
FL

Slope ShortShort

BuffersNEW

i

i

Short 



 28

11
 

The two slopes need to have the same point ( 7/5,1/10), So : 

3
5

7

28

1

10

1

















 



BuffersNEW

BuffersNEW




 

 
We need 3 additional stages to have a slope that will allow both short and long pipelines to have a 
common pine in (7/6,1/10) 
 

S1 S2 S3 S5S4

S11

S6

S7 S8 S9 S10

S0

S0' S1' S2'
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We will calculate the slopes of the non-homogenous short pipeline 

1/10

1 2 3 4 5 6 7 #Tokens

Throughput

Long 

Branch

Short 

Branch

7/5

BuffersNEW

i

i

Short
FL

Slope



 28
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1
, ShortMAXThroghput

28

1
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1

482

11








 BuffersNEW

i

i

Short
BL

Slope


 
Finally, the full system. 
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1 2 3 4 5 6 7 #Tokens

Throughput
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Branch
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Branch

7/5
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1
, ShortMAXThroghput

28
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1
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TokensTT ShortLong 
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The common area for the system: 
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Throughput
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Branch
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, ShortMAXThroghput
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Achieving an optimal system throughput of 1/12, by adding additional buffers with different FL and BL 
is not possible, since the DynamicSlack if fixed on the short pipe is 1/10 and not, it is a function of   

  10

1

max

1
, 




iii

ShortMAX
BLFL

Throghput  

 
Since the old buffers sets this value, we cannot with an additional buffer lower the throughput.  
 
 


